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Abstract—Suppression of interference from narrowband fre-
quency signals play vital role in many signal processing and
communication applications. A transform based method for
suppression of narrow band interference in a biomedical signal is
proposed. As a specific example Electrocardiogram (ECG) is con-
sidered for the analysis. ECG is one of the widely used biomedical
signal. ECG signal is often contaminated with baseline wander
noise, powerline interference (PLI) and artifacts (bioelectric sig-
nals), which complicates the processing of raw ECG signal. This
work proposes an approach using Ramanujan periodic transform
for reducing PLI and is tested on a subject data from MIT-BIH
Arrhythmia database. A sum (E) of Euclidean error per block
(ei) is used as measure to quantify the suppression capability
of RPT and notch filter based methods. The transformation is
performed for different lengths (N ), namely 36, 72, 108, 144, 180.
Every doubling of N -points results in 50% reduction in error (E).
Keywords—Ramanujan sum; RPT; PLI; Ramanujan Space;
ECG; Notch filter.
I. INTRODUCTION
Interference caused in any system/signal by narrow band of
frequencies known as narrowband interference. In the past sev-
eral years there has been steady increase in research involving
reduction of narrowband interference [1]. The basic idea for
any transformation technique is representing an input signal
as a linear combination of orthogonal/linearly independent
basis functions. A finite set of orthogonal complex exponential
basis functions are used in finite length Fourier transform.
A set of Ramanujan sums are used as basis functions for
Ramanujan FIR Transform (RFT). Ramanujan sums and its
linearly independent circular shifts forms basis functions for
Ramanujan Periodic Transform (RPT) [11]. One of the major
advantage of RPT and RFT is having an integer basis.
Electrocardiogram (ECG) is an electrical record of depo-
larization and re-polarization activity of heart. Nobel laure-
ate Willem Einthoven recorded an ECG signal in 1903 by
placing electrodes on limbs and chest. Preprocessing of bio-
potential signals such as ECG is necessary in applications
like diagnosis of disease [3], and QRS complex delineation
for feature extraction[4], [5], to eliminate the contaminated
artifacts, noises and interference. Powerline interference is an
interference caused in ECG signal due to Electromagnetic
interference (EMI) of frequency 50/60Hz from supply lines.
The classical method for elimination of power line interfer-
ence is passing the signal through a filter which reduces the
interference, in the state of art, many methods exist to reduce
the power line interference, few of them are based on adaptive
filtering [6], using wavelets [7], based on state space recursive
least squares filtering [8], and a well known method, design
of adaptive and non-adaptive notch filter [9]. In this paper
a method based on RPT is used to remove the power line
interference.
In Section II a detailed description about Ramanujan sum,
Ramanujan space and Ramanujan periodic transform is de-
scribed. An overview of proposed methodology and simulation
results are presented in section III. Summary of the overall
paper and future work is discussed in Section IV.
II. RAMANUJAN PERIODIC TRANSFORM
For a fixed positive integer m, the great Indian Mathe-
matician Srinivasa Ramanujan introduced an trigonometrical
summation, now called as Ramanujan sum [2], denoted Sm(n)
and is defined as
sm(n) =
m∑
k=1,(k,m)=1
e
j2pikn
m , (1)
where (k,m) denotes the greatest common divisor (gcd)
between k and m. It is easy to check that Sm(n) is a periodic
and integer valued function with period m, thus it is a finite
sequence. For example, S3(n) = 2,−1,−1. This attracts many
signal processing researchers to use sm(n) as basis function.
Let N and C denote the set of natural numbers (starting
from 0) and complex numbers respectively. Then a mapping
f : N → C is called an arithmetic function. For example, for
n ∈ N, let φ(n) denote the number of positive integers not
exceeding n that are relatively prime to n. That is φ(n) =
#{m|1 ≤ m ≤ n, (m,n) = 1}. The arithmetic function
φ(n) is called Euler’s Phi-function or Euler’s totient function.
Ramanujan’s motivation for introducing this summation is to
represent any arithmetic function as a linear combination of
Ramanujan sums. In this paper we treat an arithmetic function
as a sequence and if the arithmetic function is periodic,
then it is a finite sequence. For a given m it is easy to
verify sm(0) = φ(m). Consider any two Ramanujan sums
sm1(n), sm2(n), they are orthogonal to each other over the
sequence length l, where l = lcm(m1,m2), i.e.,
l−1∑
n=0
sm1(n)sm2(n− k) = 0, m1 6= m2, (2)
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for any integer k, where 0 ≤ k ≤ l − 1.
A. Ramanujan Space
The column space of integer circulant matrix Dm of size
m×m forms the Ramanujan space Vm [10]. The first column
of the matrix Dm is the sequence sm(n), the remaining m−1
columns are circular down shift of the previous columns. Let
m = 3, then,
D3 =
[
s3(0) s3(2) s3(1)
s3(1) s3(0) s3(2)
s3(2) s3(1) s3(0)
]
=
[
2 −1 −1
−1 2 −1
−1 −1 2
]
. (3)
From theorem 5 in [10], it is clear that any consecutive φ(m)
columns of Dm matrix forms the basis for Vm, but not an
orthogonal basis unless m is power of 2. Then any sequence
x(n) ∈ Vm can be expressed as follows,
x(n) =
φ(m)−1∑
k=0
βksm(n− k). (4)
It is shown in Theorem 10 in [10] that if we add two periodic
signals from Ramanujan space Vm, then the period of resultant
signal is the LCM of periods of individual signals. It is not true
for any periodic signals, there the period of resultant signal is
a divisor of LCM of periods of individual signals.
If signals from different Ramanujan spaces are added i.e.,
x(n) =
k∑
i=1
xmi(n), xmi(n) ∈ Vmi , (5)
then the period of x(n) is equal to N , assuming that none of
the xm(n) is identically zero (Theorem 12 in [10]), where N =
lcm(m1,m2, . . . ,mk). These are the two important properties
of sequences belongs to Ramanujan spaces, are helpful for
understanding RPT, as explained in subsection D.
B. Relation between Ramanujan Spaces and DFT Matrix
According to factorization property of Dm [10],
Dm =WW
H , (6)
where W is an m×φ(m) matrix obtained from the DFT matrix
F by choosing those columns such that the column numbers
are relatively prime to m. So the columns of W acts as a basis
for Vm. If x(n)∈Vm then x(n) can be expressed in any one
of the following forms,
x(n) =
φ(m)−1∑
k=0
βksm(n− k) =
∑
1≤k≤m,(k,m)=1
αke
−j2pikn
m ,
(7)
each term (in complex exponential summation) has period m,
and the frequencies are,
wk =
2pik
m
, 1≤k≤m, (k,m) = 1. (8)
So, Ramanujan space having period m has different fre-
quency components.
C. RPT
In this transformation, a representation of input signal x(n)
of length N as a linear combination of signals belongs to
Ramanujan space Vmi (basis) is used [11], i.e.,
x(n) =
∑
mi|N
φ(mi)−k∑
k=0
βiksmi(n− k), (9)
where mi|N means the summation is executed for those mi
values, which are divisors of N . Let us consider N = 4 length
input sequence, then the divisors (mi) are 1,2 and 4, i.e., the
input signal is represented as a linear combination of signals
from Ramanujan spaces V1,V2, and V4.
x(n) = x1(n) + x2(n) + x4(n),
x1(n)∈V1, x2(n)∈V2 & x4(n)∈V4.
=
φ(1)−1∑
l=0
β1ls1(n− l) +
φ(2)−1∑
l=0
β2ls2(n− l)
+
φ(4)−1∑
l=0
β4ls4(n− l), 0≤n≤3
= β10s1(n) + β20s2(n) + β40s4(n) + β41s4(n− 1)
x =

s1(0) s2(0) s4(0) s4(3)
s1(0) s2(1) s4(1) s4(0)
s1(0) s2(0) s4(2) s4(1)
s1(0)︸ ︷︷ ︸
R1
s2(1)︸ ︷︷ ︸
R2
s4(3)︸ ︷︷ ︸
R4
s4(2)︸ ︷︷ ︸
R4

︸ ︷︷ ︸
T4
β10β20β40
β41

︸ ︷︷ ︸
β
= [R1 R2 R4]β
x = T4β.
(10)
This synthesis representation of x(n) is known as Ramanujan
Periodic Representation (RPR). In general for a given N length
sequence, the RPR is,
x(n) = TNβ(K), (11)
where the values of β are known as Ramanujan coefficients and
TN is the transformation matrix. From Orthogonality property
(Equation (2)) the column space of Rmi is orthogonal to Rmk
for i6=k, i.e.,
RHmiRmk = 0, k 6=i. (12)
The projection of input signal onto a specific space can be
calculated using equation (13).
xmi = Rmi(Rmi
HRmi)
−1Rmi
H︸ ︷︷ ︸
Projection matrix
x. (13)
Let m1,m2,...,mk,N are the possible divisors of N , then
the sum of totient functions of all these divisors is equal to
length of the signal [11], i.e.,
⇒
∑
mi|N
φ(mi) = N, (14)
from (11) the analysis equation can be written as
β(K) = TN
−1x(n), (15)
this transformation is known as Ramanujan periodic transform
(RPT), also equations (11) and (15) forms Ramanujan transfor-
mation pair. If N is a power of 2, then equation (15) modified
as,
β(K) = TN
Tx(n). (16)
III. PROPOSED METHOD FOR NARROWBAND
INTERFERENCE REMOVAL AND SIMULATION RESULTS
In the proposed methodology, a N length narrowband
interfered data (x(n)) is projected onto Ramanujan spaces,
which are divisors of N . The window length is calculated
based on the period of narrowband interference. A significant
amount of projection energy in a Ramanujan space indicates
the presence of periodic component of that space in the signal.
In order to reduce the interference, first determine all periods of
narrowband interference, then identify the matched Ramanujan
spaces and the coefficients (β(K)) belongs to these spaces.
Then force these coefficients to zero, this can be achieved by
multiplying with a window function (W (K)), whose values
are zeros for these spaces otherwise one. Then reconstruct
(using equation (15)) the signal (r(n)) using these modified
Ramanujan coefficients (β(K)W (K)). As an example, the
entire procedure described above is applied on ECG signal to
remove the 50/60Hz powerline interference. Block diagram of
the proposed methodology for analysing ECG signal is shown
in Fig. 1.
Fig. 1: Block diagram of PLI reduction algorithm using RPT
The brief description of each stage is presented in the
following sub-sections.
A. Data Acquisition
MIT-BIH Arrhythmia database from physionet website [12]
is used for the analysis it consists of two channel ECG
recordings of total 48 subjects, with a sampling frequency of
360Hz. The proposed methodology is analysed on a single
record. To obtain a PLI ECG data a pure sinusoidal signal
of 50Hz frequency is added to the entire record. A typical
powerline interfered ECG signal (Record 100 in MIT-BIH
Arrhythmia) up to 500 samples is shown in Fig.2.
B. Period Estimation
To estimate the period of an unknown signal, one need to
decompose the signal into different Ramanujan spaces. Then it
is easy to estimate the period by calculating projection energies
(|xmi |2). Since PLI is a 50Hz sinusoid, with the sampling
frequency of 360Hz, corresponds to a period of 36 (with
minimum possible integer value of k = 5 in (8)),
Fig. 2: Powerline interfered ECG signal
Fig. 3: Decomposition of ECG signal with PLI into different
periodic signals corresponding to their respective Ramanujan
spaces
C. Implementation of RPT
Now the entire signal should be divided in to number
blocks such that period 36 should be one of the divisors of
block size. So, the minimal possible block size is 36. In the cur-
rent analysis a block size of 36 is considered. The projections
xmi on each mi (which is a divisor of block size) is calculated
using (13). Figure 3 shows the decomposition of ECG signal
with PLI into different periodic signals corresponding to their
respective Ramanujan spaces.
Space wise normalized RPT is implemented on each block
of data. To calculate normalized RPT (TˆN ), the following
procedure is considered. Let N = 4, then,
T4 =
1 1 2 01 −1 0 21 1 −2 0
1 −1 0 −2
 . (17)
According to (17), the multiplication yields to
T4
TT4 =

4 0 0 0
0 4 0 0
0 0 8 0
0︸︷︷︸
V1
0︸︷︷︸
V2
0︸︷︷︸
V4
8︸︷︷︸
V4
 . (18)
The diagonal elements in the above matrix representing the
space wise energy of N length Ramanujan sum with period
m (where m is a divisor of N ). To overcome this issue a space
wise normalization is performed, for example the first column
(∈ V1) in T4 is divided with
√
4, second column (∈ V2) is
divided with
√
4, third and fourth (∈ V4) are divided with
√
8.
By using above normalized Tˆ4, the multiplication yields to,
Tˆ4
T
Tˆ4 =
1 0 0 00 1 0 00 0 1 0
0 0 0 1
, (19)
input signal x(n) is transformed by this TˆN matrix to gen-
erate the Ramanujan periodic coefficients (β(K)). These are
manipulated to reduce the PLI.
D. Frequency Domain Analysis and Implementation of IRPT
Now the obtained 36 Ramanujan coefficients (β) should be
separated space wise. The last 12 coefficients in 36 belongs to
V36. In order to reduce PLI, the coefficients in V36 should be
equal to zero. For this purpose a window sequence (W (K))
of length 36 is defined as,
W (K) = { 1︸︷︷︸
0
, 1︸︷︷︸
1
, 1︸︷︷︸
2
, · · · , 1︸︷︷︸
23
, 0︸︷︷︸
24
, · · · , 0︸︷︷︸
35
}, (20)
which is multiplied with β(K), resulting in modified Ra-
manujan coefficients (β(K)W (K)) are reconstructed back as
signal (r(n)) by using Ramanujan periodic representation (11)
known as Inverse Ramanujan periodic transform (IRPT). The
reconstructed (PLI reduced) ECG data for a particular block
of 36 samples is shown in 4. The magnitude response of ECG
signal with PLI, before and after applying RPT is shown in
Fig. 5
Fig. 4: PLI reduction using RPT
Fig. 5: Magnitude Response of original ECG Signal and With,
Without (reduced using RPT) PLI
E. PLI Reduction using Notch Filter
The results of proposed algorithm are compared with the
results obtained using notch filter, by using Euclidean error as
a measure. The relation between notch frequency (f0), quality
factor (Q), and bandwidth (δf ) is mathematically represented
in equation (21) [8].
Q =
f0
δf
. (21)
Notch filter with a higher attenuation level will remove the
PLI noise very effectively, to achieve higher attenuation the Q
factor should be decreased. In this work a second order IIR
notch filter with notch frequency of 50Hz, having a quality
factor of 1 (δf = 50Hz) is designed. Fig. 6. shows the
magnitude response of notch filer.
Fig. 6: Magnitude response notch filter
The analysis using notch filter is also performed block by
block (similar to RPT), so the reduction of PLI in the first block
of data using notch filter is shown in Fig. 7. The magnitude
Fig. 7: PLI reduction using notch filter
response of the PLI reduced ECG signal using notch filter is
shown in Fig.8.
F. Euclidean Error Measurement
For each block of data an error is calculated by using the
equation (22).
Error(ei) =
N−1∑
n=0
|xi(n)− ri(n)|2. (22)
Where xi(n) is the ith block input ECG signal with out any
interference, ri(n) is the ith block interference reduced signal
Fig. 8: Magnitude response PLI reduced ECG signal using
notch filter
and N is the block size. For the first block of data ei using
RPT method is 0.0268, using Notch filter is 0.6282.
A length of 524288 samples of ECG data is considered
from the record 100 of MIT-BIH database, and it is converted
to 36×14564 (14564×36 = 524304, by appending few zeros
to the considered signal) after deciding the block size. Now ei
obtained using two methods is calculated for a total of 14564
blocks. Then an E, defined in (23), is calculated for the total
blocks.
E =
14564∑
i=1
ei. (23)
The above procedure is repeated for different window lengths
(different N -point RPT’s).For each length, an E is calculated,
and summarized in TABLE I.
TABLE I: Comparison of E between RPT and Notch methods
for different block sizes
Block Size RPT Notch Filtering
36 7280 13652
72 3501 8119
108 2369 6266
144 1782 5347
180 1440 4805
IV. CONCLUSION
In this work, a transform domain analysis based reduction
of narrowband interference has been proposed using RPT.
From TABLE I, it has been shown that RPT is reducing PLI
with minimum E, in comparison with notch filter technique for
different data window lengths. Every doubling of data length
results in approximately 50% reduction in error (E) for the
case of RPT based method.
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